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We investigate the problems of finding the optimal loads acting on a plate,which
insure the best root-mean-square (RMS) approximation to a given distribution of
bending and torsional moments, or of the displacements. We study the problems
of existence and uniqueness of the optimal solution, and establish the necessary
and sufficient conditions of optimality under the assumption that the manifold

of admissible leads is a closed convex set in some Hilbert space.

1, Certain relationships of the theory of plates. Auxiliary
assumptions, We shall consider the inverse problems of plates of variable thickness.
The equation of flexure of such a plate has the form [1]
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Here u (z, y) denotes the deflection of the median plane of the plate, v is the Pois-
son's ratio which is a nonnegative constant, g (z, y) is the external load intensity ,
D (z, y) is the torsional rigidity of the plate and Q is an open bounded region on the
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plane with the boundary §,

Let us consider the case of mixed boundary conditions when the plate is clamped along
a part 8, of the boundary, and freely supported along the remaining part §, of the boun-
dary. The boundary conditions have the form

_ a Ju
u,S'—O7 aun +?;ny~0 on SI (1.2
Pu | O 9%
(@xz“{“ayz)‘l‘Uw\’)( aa"x“ﬂ) =1{ on S,

Here %, and n, are the direction cosines of the outer unit vector normal to the boundary
S: S =281 8, and §; (1S, is an empty set. In particular, if one of the sets
S, (Sz) is empty, then we have the case of a plate freely supported (clamped) alongits
whole edge.

We introduce now the Sobolev space H™ (Q) (m > 1 is an integer)

H™ (Q) ={v |Dwve& L, (Q), |a ]| m}
a 6ux+a:
D :W’ o= (04, o), [o|= oy + ay

The space H™ (2) has the norm

0hemy = Y, 1 D fRum)”

lal<m

Let us denote by ¥ a Hilbert space obtained by closure on the norm of the space #*(£2)
of the set of smooth functions satisfying the first two conditions of (1. 2), and introduce
in the space V the following bilinear form:

o2u &% I 220 oty
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In what follows, we shall need the following assumptions:
1) D (a, y) is a function measurable on ©Q and satisfying the inequality

E, <D (z, y) <k ky, Kk, =const >0 (L.3)

almost everywhere on L.
2) The constant v satisfies the inequality

I (1.4)
We shall show that in the space V' the norm of the space H? (QV is equivalent to the
norm fuly = la(u, w (1.5)
We have
’SSD e dy| [3 D (Z%Y dvay + (1.6)
o

(1o (5] aras]
[+

Taking into account (1.4) and the inequalities (1.3) and (1. 6), we obtain
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The last estimate is obtained with the use of the Poincaré-Friedrichs inequality [2].From
the inequalities (1. 7) we obtain

a(u, u)>cju .y, VueV, ¢, =const >0
By virtue of the inequality (1.3) the converse inequality also holds

a(u, u) <cslulma YueEV, c; =const > 0

Let us introduce the following symmetric bilinear forms for the elements &, v &= V
o%u 0% o%u v

b(u, ”)ZSS[(1+”2)(aszax_z+79‘y?a—l,z)+ (1.8)
[s)

du 0% %u 3217) 0%u
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Similarly to the previous arguments we can use the inequality (1.6) with D = { to
show, that the norm (1, 5) in the space 17 is equivalent to the norm

bols =T b (u, wi* (1.9

Thus the following assertion holds:

Lemma 1.1. The norm of the space H? () is equivalent to the norms (1.5)
and (1. 9) in the assumptions (1) and (2) in the space V.

Let U be a Hilbert space on the field of real numbers and let Up be a closed convex
setin U.

Theorem 1,1, Let 7 (f, g be a continuous bilinear form symmetric on {/ ,
n (f, g = n (g, f), satisfying the condition

n(f, H>C|f|? Vie U, C = const >0 (1. 10)
and L (/) a linear form continuous on ¢/ . Then a unique element f, & U, exists
hich : .
for whic /o, o) — 2L (f,) = muf (n (g, g) — 2L (g)) (1.11)
g&ly

The minimizing element f, is characterized by the fact that
n(f g —fo) —L(g—1) >0, Ve Us

If the bilinear symmetric form @ (f, g) continuous on U/ does not satisfy the condition
(1. 10) but the set U, is bounded, then an element f, & U, exists which satisfies the
condition (1. 11).

A proof of this statement is given in [3]. The form n (f, g) which satisfies the con~
dition (1. 10), is called coercive form.
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2, Inverse problem for & plate with a special function for the
bending moments, We shall call the generalized solution of the problem (1. 1),
(1. 2) the function u & V for which the condition

a@ b)) = \\ghdody, Vhev (2. 1)
9]

holds.

From the results (see [4]) it follows:

Theorem 2.1, Letthe assumptions (1) and (2) hold and g & ¥*. Then the prob-
lem (1. 1), (1.2) has a unique generalized solution z for which the following relation

holds: lulv=1 gl (2.9
Here and henceforth an asterisk denotes a conjugate space, Clearly the solution u of the
problem (2. 1) depends on g. Equation (2. 1) defines this relationship unambiguously,

Let us formulate the following problem: to find the load under which the distribution of
the bending moments W, and .1/, and the torsional moment M.y, defined by the ex-
pressions 5

; N 0% 0%u %
M, = D( v M), M, = (W+vw) My = D (1 —v) 5o

will be as near as possible, in the sense defined below, to their prescribed values.
We can express it more accurately by stating that, taking into account the assumptions
(1) and (2), we consider the problem of a minimum of the functional

I(g) - S{}S[(azg‘xig’ v 8 ) (B v e ) 2

((?;;—zgi‘)“ Zs)z]dfcdy, ge= V¥

where Vp* is a closed convex set in space V*, and z = (3;, 2., 25) is a specified
element of the space H = L, (Q) X L, () X L, (8).
We introduce in the space V the following linear form:

Qz(lé)=gg[31(% —%v—g;%) + 2y (Bﬁ . ‘;fj;) 4+ (2.4)
24 amau]dzdy, vesV

and define on I'* the following forms:
Tl 8 =b@ (), u(g), L,(g) =Q, (u(g) (2.5)

where b ( ., .) isdefined by the relation {1.8).
Removing the brackets from the integrand in (2. 3), we find that the functional (2. 3)
differs from the functional

1, (g) =n,(8.8 — 2L, (g), g Vo* (2.6)
by a constant term.
Theorem 2.2. Let the assumptions (1) and (2) hold, z & H and the function
u be defined as the solution of the problem (2. 1). Then there exists a unique element
7 % .
g0 & Va* for which I(go) -~ il [¢g) (2.7

§EmVa s
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The element &, is described by the relation (2. 1) in which g = g,, and by the inequal-
“” M (@ [ — 8) — Le(f — g >0, V& Vo* (2.9)
Proof, Using Theorem 1.1 we can show that there exists a unique element g, &
Vo* for which I{go) = inf I1(g) (2.9)
eEVy*

In fact, 1 (/, g) is a bilinear and symmetric form. Using the first relation of (2. 5),
Lemma 1,1 and Theorem 2. 1, we obtain

n, (g 8) = b(u(g) ul g)) > Cilu@ v =Cilelvs® Ve & V:
I, (g = b e u@)<lu)hju@h < C:llvdelv
v/.esV*

where C,and C, are positive constants, From this it follows that m, (f, g) is a coer~
cive form continuous in V*, From the relations (2. 2) and (2. 4) and the second relation

of(2.5),follows l Lz (g) I < Ca B z ﬂHa u (g) uv — Cg HZHH H gﬂw
Vzlr =121 )eie) + )22 i) + | 28 L@y Cs = const >0
therefore L, (8) is a linear form continuous on V*,

Thus the conditions allowing for the application of Theorem 1,1 hold, and a unique
element g, & Vo* exists for which the relations (2. 8) and (2. 9) hold, The functionals
(2.3) and (2. 6) differ from each other by a constant term, and the theorem is proved.

Let us transform the inequality (2. 8) using the conjugate state p (g,) & V defined
by the equation ;

a(p(g) B) =b(u(g) B —Q.(h), YVheV (2.19)

Setting in (2.10) kb = u (f) — u (&) and taking into account the relations (2. 5) and
(2. 8), we obtain

b (go)s 1 (/) — u (80) — Q: () — v (g0) = (2.1
a(p(eo). u(N—u(e) = \\ P&/ — g0y dady >0, V/Vy
o

Conversely, from the inequality
SS pg)(f—8dedy >0, ViesV, (2.12)
0

and relations (2. 10) follows (2. 8), and we have the following:

Corollary. Let the assumptions (1) and (2) hold and z & H. The necessary and
sufficient condition for the element g, & V,* to satisfy (2.7) is, that the conditions
(2. 1) hold for g = g,, (2.10) and (2. 12),

8., Inverse problem with a apecial function for the deflection,
We formulate the problem of determining a load for which the deflection function will
deviate as little as possible, in the sense defined below, from the given function, To ex-
press it more accurately, we consider the problem of a minimum of the following func~

tional: ®(g) = @ig)—20dedy, gV, 3.1
[+

where 2 is a specified element of the space L, () and u (g) is a solution of (2.1).
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In order to apply Theorem 1, 1, we introduce the following symmetric bilinear form:

m(f, 8) = Nu()u(g)drdy 3.2
Taking into account (2, 2), we have 0
[t (7 )] <K e D) ey |2 () faay < Clu Dy fu @) v =
Cl/|vfglvss € = const >0

Therefore m, (f, g) is a form continuous on 17* It is not however a coercive form.,
Taking into account the fact that z & L, (Q) and using (2. 2), we can confirm that the

linear form .
L.(g) = Nu(e)zdzdy (3.3)

is continuous in V¥, a

Let us now denote by X the set of such elements f & V,* that
@ (f) = inf @ (g) (3.4)

eVt

The form (3, 2) is not coercive, therefore the set X can be empty. However if the set
Va* is bounded, then X is not empty (this follows from Theorem 1.1). If we replace
the functional (3. 1) by the "regularized” functional

Dy(g) =D () gl >0 (3.5)
then the corresponding bilinear form

o (f, ) = Wu (Hu(g) dedy +a1f, glve
Q

where [f, gly+ is a scalar product in ¥'*, will be coercive since i, (g, g) >algiv:
Applying Theorem 1, 1, we obtain the following:

Theorem 3.1. Letthe assumptions (1) and (2) hold, z & L, (Q) and the func-
tion © be defined as the solution of the problem (2, 1). Then there exists a unique ele-

Va* i
ment f & V5™ for which @, (/) = inf DOy(g) .9
gEVa*

The element / is defined by the relation (2. 1) for g = f ,and by the inequality
Wi () —slw@—udedy +alf, g —fly->0, VgesVs (G.D

0
Let us define the conjugate condition p (f) & ¥ as a solution of the equation
ap( by =\ w(h—yhdrdy, VeV (3.8)
a

Then, similarly to the previous case, we obtain the following:

Corollary. Let the assumptions (1) and (2) hold and 2z & L, (). The necessary
and sufficient condition for the element f €= V,* to be a solution of the problem (3.6)
is, that the relation (2. 1) for g = / and the relation (3. 8) hold, as well as the inequality

Wp)e—ndzdy +alf, g — v >0, Vgevy
[

Notes. 1. Let V,* be a closed convex set in a finite-dimensional subspace Va* of

the space ¥*. In this case a unique element f € V,* exists for the functional (3. 1)
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such, that

@ (f)= ‘isng,oﬁ () (3.9
Indeed, in a finite-dimensional space any two norms are equivalent, therefore
Hu (), @=>Cilu@ly, VeEVa* C,=const>0 (3. 10)
Using the relations (2. 2), (3. 2) and (3. 10), we obtain
s (g.8) = (@) By >Celu @ =Celglye, VEEV,

Consequently the form =, (f, g) is coercive in Vo* and the existence of a unique ele-
ment j € V,* satisfying the relation (3. 9) follows from Theorem 1. 1.
2. We may consider the problem of a minimum of the functional

D, () =D () +alelf, g 20, gELy,(Q (3.11)

where Ly, (Q) is a closed convex set in the space L, (Q).

Using similar reasoning we can show that there exists a unique element f € Los (©)
for which Oy () = inf Do(g)

gEL ()

We note that when the set X of solutions of the nonregularized problem (3. 4) is non-
empty, then the solutions of the problem (3. 6) converge in V* ,as a —0,to the ele~
ment f, which is a projection of the zero element in V#* on the set X (see [3]).

We have established above the existence of a unique solution of the optimization prob-
lem with a special function for the displacements in the case of regularization of the
latter, We shall now show that under certain assumptions a unique solution of a nonre-
gularized problem can also exist.

Let us make, in addition to (1) and (2), the following further assumptions:

3) Q is a bounded region on a plane with a boundary §, the latter is an infinitely
differentiable curve. Locally, Q is on one side of §, i.e. 2 |J § is a manifold with
an edge belonging to class C* (see [5, 6]);

4) The function D (z, y) is infinitely differentiable in the region Q=Q S

Let us consider the case of a plate rigidly clamped along the whole contour. The
boundary conditions have the form

u=0ongs 2

¥y x'*‘aJ”v—O on § (3.12)

We denote by V, the space obtained by closure on the norm of the space H* (Q) of
the set of smooth functions u (z, y) satisfying (3. 12). We define, as a weak solution
of the problem (1. 1), (3. 12), the function u € L, (§2) for which

WuPhdzdy =\ ghdedy, VeV, (3.19)
o 0
where the operator P is determined by (1. 1).

Below we shall utilize the following result: if the assumptions (1) — (4) all hold and
¢ () is a given function belonging to the space L, (Q) then the solution of the prob-

lem Ph=9¢, h=0 onS, o— ax ::+ n,,:O on §

belongs to the space H* (Q) (see [7]). In other words, P is an isomorphism from V,
onto L, (Q) (assertion A), Therefore a unique element u & L (Q)existsfor VgV, *
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for which the identity (3. 13) holds.
Next we shall consider the problem of a minimum of the functional

o) - (e — 2 dedy, gV (3.14
Q

where z is a specified element of the space L, (Q), u (g) is a solution of (3. 13) and
Vi0* is a closed convex set in the space V,*

Theorem 3. 2. Let the assumptions (1) — (4) ail hold and z € L, (). Then
there exists a unique element f & Vio* for which

@(f) = inf D(g) (3.15)

8EVyH
This element f is characterized by the relation (3. 13) in which g == f ,and the ine-
— Ve —awe—umaa>o veevs @
Proof, We shall show that the symmetric bilinear form

a(/,g) = Nu(hulg)dzdy

Q
corresponding to the functional (3. 14) is continuous and coercive in V,*, Since the
assumptions (1) — (4) all hold, we find that by virtue of the arguments given above, the
agsertion A holds, From this, setting Ph, == u in (3. 13), we have

uftier = \\ehodzdy <[ glvelholv <clglvelulia, ¢ = const >0
Q

which yields
Ju e | < clg v 3.17

The last inequality gives
150 o)1 = | S u ) u (@) dz dy | < (D e 1 &) s < /v € v
Q

Consequently the form = (f, g) is continuous on V1*. Furthermore, from (3. 13) and
the assertion A, we have

|G endaay| = |§uph dzay|<luleo]Phlo < @19
Q Q

erlullblv o= const >0

From (3, 18) we obtain | g |y« <{ ¢, | # |, - 2nd we now have
1
ne o)~ (v @ doay>Z g e
o

i.e. the form 7 (f, g) is coercive. Taking into account the fact that z & Ly () and
using the inequality (3. 17), we can show that the linear form
L.(g) = Su(g)zdeay
o

corresponding to the functional (3. 14) is continuous on Vy*. The existence of a unique
element f & V,p* for which the relations (3. 15) and (3. 16) hold, now follows from
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Theorem 1.1,
Let us define the conjugate state p (f) & V, as the solution of the problem

Pp(fy =u(f) —z (3.19)
Then the element f is characterized by the relations (3. 13) in which g = f, (3. 19)
d the i it e , .
an ¢ inequality SS p (f) (g . }() dz dy > 0, Vge Vla (3.20)

Q

Let us now pass to the case of a hinged plate. We denote by V, the space obtained
by closure on the norm of H* (2) of the set of smooth functions u (x, y) satisfying
the boundary conditions

_ [ 9%u u a2
u—=0 masS, ‘(Tx?’{"a—yz‘)*'(i“")(axinxzw‘* (3.21)
9%u 92
_@_nuz + Zﬁnxnu) =0 nHa s
The function u & L, (Q) for which
SS uPhdxdy = SS ghdzdy, YheV, (3.22)

[o] Q
we shall call a weak solution of the problem (1. 1), (3. 21). If the assumptions (1) —(4)
all hold, then a unique solution of the problem (3. 22) exists for Vg & V,* . Letus
consider the problem of 2 minimum of the functional

@, (g) = \\(ule) — 2P dzdy, gV
Q

where u (g) is the solution of the problem (3.22) and V,5* is the closed convex set in
the space V,*,

Using arguments similar to those used previously, we prove

Theorem 3.3. Let the assumptions (1) — (4) all hold and z & L, (). Then
there exists a unique element f & V,p* for which

D, (/) = inf O, (g)
& EVw
This element f is characterized by the relation (3.22) with g¢ = f and the inequality

S§<u(f>~z)(u(g)-——u(f))dxdy>o, VeV

The necessary and sufficient conditions of optimality can be established using the con-
jugate conditions which are expressed by the relation (3. 22) with g == f, Eq. (3. 19) in
which u (f) is the solution of the problem (3.22) and p (f) € V,, and the inequality
(3. 20) which must hold for every £ belonging to V,,*,
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An axisymmetric problem of deformation of a space weakened by a spherical
cut with the external forces or displacements given at the edges of the cut, is
solved in quadratures. The state of stress is expressed in terms of the analytic
functions of a complex variable, The holomorphic character of these functions
is studied and the nonholomorphic terms separated. Explicit formulas for the
stresses on a surface complementing the cutto a complete sphere, are given for
the case of uniform extension at infinity. The erroneous character of a number
of solutions obtained earlier, is indicated.

1, Let an elastic space be weakened by a slit which coincides with a part of a spher-
ical surface of unit radius with its center at the coordinate origin. In the meridional
section the slit coincides with the arc AMB (see Fig. 1).

The forces p,”, p,"and p,”, p, are given
at the upper and lower edge of the slit, respect-
ively. The stresses and displacements vanish
at infinity. The displacments of the slit edges
are assumed bounded, and although the stresses
at these points may be infinite, their singuiarities
must be of order strictly less than unity.

Similar assumptions were used in solving this
problem in [1— 4) and others, but the holomor-
phic character of the functions was wrongly as-
sessed and the results obtained could therefore
only be used for a restricted choice of loads.

The stresses in a body under an axisymmetric
load are given in terms of two analytic functions
¢ and 1 of the complex variable { [5], by

t
1 ,
S, -—W\(‘P — 229" —119) (1.1)
I3



